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Abstract
Let X ⊂ PN be a closed irreducible n-dimensional subvariety. The kth higher secant variety
of X , denoted X k , is the Zariski closure of the union (in PN ) of the linear spaces spanned
by k points of X . A simple dimension count shows that dim X k6 k(n + 1) − 1, and that
when equality holds, there is a non-empty (Zariski) open subset U ⊂ X k and a positive
integer seck(X ), such that for all z ∈U , there are exactly seck(X ) k-secant (k − 1)-planes to X
through z. Assume that dim X k = k(n + 1) − 1, so that seck(X ) is de9ned. For X k non-linear
we expect seck(X ) = 1, otherwise we say that X k is numerically degenerate. In this paper, we
consider the embeddings X of P2 and P1 ×P1 by their respective very ample line bundles and
classify those k for which X k is numerically degenerate. In the classi9cation we prove a result
of independent interest, showing that a rational normal scroll X (of arbitrary dimension) never
has seck(X )¿ 1. c© 2002 Published by Elsevier Science B.V.
MSC: 14N10; 14N25; 14J26
1. Introduction and presentation of exceptional cases
Let PN denote a projective space over an algebraically closed 9eld of characteristic
zero. Let Var(PN ) denote the set of all closed irreducible subvarieties of PN . If X; Y
are two non-empty elements of Var(PN ), then the join of X and Y , denoted XY , is
the (Zariski) closure of all linear spaces spanned by a point of X and a point of Y . If
X is the empty subvariety, then we de9ne XY =Y for all Y ∈Var(PN ). This operation
makes Var(PN ) into a commutative monoid, called the join monoid. The kth power of
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X in this monoid is called the kth higher secant variety of X , and is denoted X k . The
variety X k is therefore the closure of the union of all linear spaces of PN spanned by
k points of X . What is usually referred to as the secant variety of X is the variety X 2.
The higher secant varieties of X are ordered by inclusion (X ⊂ X 2 ⊂ X 3 ⊂ · · ·); this
sequence stabilizes at the linear span of X , which we denote by X∞.
A simple dimension count shows that dim X k6 k(n+1)−1 and that if k6 dim X∞+
1, the diEerence 
k = (k(n + 1) − 1) − dim X k equals the dimension of the family of
k-secant (k − 1)-planes of X passing through a general point of X k . If 
k ¿ 0 and X k
is non-linear, we say that X k is dimensionally degenerate.
When 
k = 0, there is a non-empty open subset U ⊂ X k , and a positive integer
seck(X ) such that for any point z ∈U , there are seck(X ) distinct k-secant (k−1)-planes
to X through z.
Suppose that dim X k=k(n+1)−1, so that seck(X ) is de9ned. When X k is non-linear
it is unusual for seck(X )¿ 1 to hold. In fact, as was shown in [7] this never happens
when X is a curve. In case X k is non-linear and seck(X )¿ 1 we say that X k is
numerically degenerate.
We wish to understand those varieties X for which X k is numerically degenerate.
In Sections 3 and 4, we study the numerical degeneracy of the embeddings X ⊂ PN
(by complete linear series associated to very ample line bundles) of P2 and P1 × P1,
respectively. Our main results are as follows:
• (Theorem 3.2) If X = d(P2), the embedding of P2 by the complete linear system
of curves of degree d¿ 0, then X k is numerically degenerate iE (d; k) = (6; 9).
• (Theorem 4.1) If X = a;b(P1 ×P1) is the embedding of P1 ×P1 by the complete
linear system of curves of bidegree (a; b), then X k is numerically degenerate iE
(a; b; k) = (4; 4; 8).
In contrast to the case where X k is non-linear, when X k is linear, it is rare to 9nd
seck(X ) = 1. The following result, required in the proof of Theorem 4.1, demonstrates
a large class of examples where this unusual behavior is found. Section 5 is devoted
to its proof.
• (Theorem 5.1) If X is a rational normal scroll, X k is never numerically degenerate.
Moreover, seck(X ) = 1 whenever it is de9ned, (i.e. even when X k is linear).
As the chief interest in these results lies in the two cases of numerical degeneracy,
we present 9rst the proofs that indeed 6(P2)9 and 4;4(P1 × P1)8 are numerically
degenerate. (We refer ahead to Corollaries 2.6 and 2.7 where it is shown that both of
these cases have the expected (i.e. maximal) dimension.) Let X be either 6(P2) or
4;4(P1 × P1). In each of the two examples, let k be the value for which seck(X ) is
to be shown greater than one (9 in the 9rst case and 8 in the second case).
Through k general points of X there is a unique elliptic normal curve C of degree
2k passing through each of these points. (In the 9rst case the image under 6 of a
plane cubic, in the second case the image under 4;4 of a curve of bidegree (2,2).) In
both cases, dimCk = 2k − 1 (cf. [1,10,11]). From [7], we know that the only smooth
curves C for which Ck is linear of dimension 2k−1 and seck C=1 are rational normal
curves. Therefore, seck C ¿ 1. Since the points were originally chosen to be general
points of X , this shows that seck X ¿ 1.
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2. Summary of results on higher secant varieties
In this section, we group together several de9nitions and results on higher secant
varieties that will be used in the sequel.
We de9ne the vertex of a variety X ∈Var(Pn), denoted Vert(X ), to be the set of
points q∈Pn such that qX ⊂ X . The vertex of X is necessarily a linear subspace of
Pn. If the vertex of X is non-empty, we say that X is a cone.
Lemma 2.1. If g :Pn → Pn is a linear transformation of Pn; then the action induced
by g on Var(Pn) is a monoid isomorphism.
Proof. The result follows immediately from the observation that a linear transformation
g takes the line spanned by two distinct points x and y to the line spanned by g(x)
and g(y).
If G¡PGLn is a subgroup and for all g∈G we have that g(X ) ⊂ X , then we call
X a G-subvariety of Pn. We observe that since g is invertible, g(x) ⊂ X is equivalent
to g(X ) = X .
Lemma 2.2. If G¡PGLn and X is a G-subvariety of Pn; then Vert(X ) is a G-
subvariety as well.
Proof. Let X be a G-subvariety of Pn. If Vert(X ) is empty; we are done so suppose
q∈Vert(X ). By de9nition; qX ⊂ X ; so by the previous lemma; g(q)g(X ) ⊂ g(X ) and
since X is a G-subvariety; g(q)X ⊂ X ; so g(q)∈Vert(g(X )). Since this holds for any
q∈Vert(X ) and g∈G; this makes Vert(X ) a G-subvariety.
Theorem 2.3. If X ⊂ Pn is a non-empty G-subvariety and PN contains no proper;
non-empty linear G-subvariety; then no higher secant variety of X ; other than Pn
itself; is a cone.
Proof. Suppose X k is a cone. Since X is a G-subvariety; so is X k; and hence by
the previous lemma; so is Vert(X k). But Pn contains no proper non-empty linear
G-subvarieties; so Vert(X k) = Pn.
The following two results summarize the situation of dimensional degeneracy for
curves and surfaces.
Theorem 2.4 (cf. IAdlandsvik [1], Harris [10] and Lange [11]). If X is a curve; X k is
never dimensionally degenerate.
Theorem 2.5 (cf. Terracini [12] and Catalano-Johnson [4]). If X is a surface; X k is
dimensionally degenerate if and only if X is the embedding by OPk (2) of a surface
of minimal degree k − 1 in Pk ; or if X is contained in the join of a curve C and a
linear space L of dimension k − 2; and X k is non-linear (in which case X k = LCk).
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If X = d(P2) ⊂ P(1=2)(d2+3d), by the natural action of PGL(P2) on P(H 0(OP2 (d))
we know that X does not lie on a cone of the form LC, since in that case Vert(X k)=L
but by Theorem 2.3 no higher secant variety of d(P2) can be a cone. Consequently
if d(P2)k is dimensionally degenerate, then d(P2) must be a double embedding of
a surface of minimal degree. It is not hard to see (consulting the classi9cation of
minimal degree varieties (cf. [9]) if necessary), that this is only the case when d= 2
or 4. Therefore, we have the following corollary.
Corollary 2.6. d(P2)k is dimensionally degenerate if and only if (d; k) = (2; 2) or
(4;5).
The same group action arguments and considerations of minimal degree surfaces
lead us to the following corollary regarding embeddings of P1 × P1.
Corollary 2.7. If X = a;b(P2); then X k is dimensionally degenerate if and only if
(a; b; k) = (2; 2d; 2d+ 1) or (2d; 2; 2d+ 1).
Corollary 2.6 is also a simple case of the far reaching work of Alexander and
Hirschowitz on polynomial interpolation, culminating in [2], where the result is gen-
eralized to all d(Pn). We refer the reader also to [6] where a self-contained proof of
Corollary 2.6 is given. It is the Kavor of the latter that inspired the proof of Theorems
3.2 and 4.1.
If x∈X ∈ Var(P) is a smooth point of X , then we will denote the embedded tangent
space to X at x by Tx;X . The following classical result shows that many questions
regarding the join of X and Y may be reduced to questions about how the general
tangent spaces of X and Y intersect.
Lemma 2.8 (Terracini’s Lemma [12]). If X; Y ∈Var(Pn) and z is a general point of
XY ; then for any x∈X and y∈Y such that z ∈ xy; we have that Tz;XY = Tx;X Ty;Y . In
addition; there is a non-empty open subset U of XY such that the above inclusion is
an equality for all z ∈U .
We emphasize that the generality required in Terracini’s Lemma is that of the point
z ∈XY , and that the conclusion holds for all x∈X; y∈Y such that z ∈ xy.
The following results give a complete answer to the issues raised in the introduc-
tion concerning anomalous behavior of the numbers seck(X ) when X is irreducible of
dimension 1 (i.e. a curve).
Theorem 2.9. If X is a curve; then X k is never numerically degenerate.
Proof. We refer the reader to [7] for the proof of this result and to [8] where the k=2
case is proved.
Theorem 2.10. If X is a curve and X k is linear of dimension 2k−1; then seck(X )=1
if and only if X is a rational normal curve.
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Proof. See [7].
We start with a simple result showing that once a higher secant variety of X is
numerically degenerate, then all subsequent higher secant varieties of X are numerically
degenerate as well, if they have the expected dimension.
Lemma 2.11. If X ∈Var(PN ) has dim(X ) = n and X k is numerically degenerate and
dim X k+1 = (k + 1)(n+ 1)− 1 (so that seck+1(X ) is de7ned); then seck+1(X )¿ 1.
Proof. Let z be a general point of X k+1. Then z ∈ x1 · · · xk+1 for general points x1; : : : ;
xk+1 of X . Consequently; z ∈pxk+1 for a general point p∈ x1 · · · xk . Since seck(X )¿ 1;
there exist points; x′1; : : : ; x
′
k ∈X spanning a diEerent k-secant (k − 1)-plane passing
through p. We may assume in addition that x′1 · · · x′k ⊂ x1 · · · xk+1; since a general
(k+1)-secant k-plane is not (k+2) secant (because X ⊂ PN has codimension ¿ k+1).
Therefore; z lies on at least two diEerent (k + 1)-secant k-planes; namely x1 · · · xk+1
and x′1 · · · x′kxk+1.
If seck(X )¿ 1 and we apply the argument of the preceding proof with other permu-
tations of the x’s and repeat the argument with the resulting x′i ’s and their permutations
and so on, it seems that seck+1(X ) should be much larger than seck(X ), if the former
is de9ned at all. In fact, for every example we are aware of where seck(X )¿ 1, the
variety X k+1 fails to have its expected dimension and so seck+1(X ) is not de9ned.
3. The numerical degeneracy of d (P2)k
In what follows H will always denote the divisor class of a hyperplane section
of X in some embedding. For any divisor class D on X we recall that |D| denotes
the (possibly empty) set of positive divisors linearly equivalent to D. When |D| is
non-empty we say that the class D is e8ective.
Theorem 3.1. Let X ⊂ PN be a surface not lying on a hyperplane. If d=dim(X k)¡N
and seck(X )¿ 1 then through k general points of X there can be made to pass a
curve C such that dim |H–2C|¿N − d.
Proof. Let x1; : : : ; xk ; be general points of X and let L= x1 · · · xn be the (k − 1)-plane
they span. There is a non-empty (Zariski) open subset U ⊂ L such that for all z ∈U;
there exists seck(X ) k-secant (k − 1)-planes to X containing z. By Terracini’s Lemma;
we may replace U with a smaller non-empty open subset and assume furthermore that
for all z ∈U; if x′1; : : : ; x′n ∈X span a (k − 1)-plane containing z; then
Tz;X k = Tx′1 ;X · · ·Tx′k ;X :
Let S ⊂ X be the subset of points where the k-secant (k − 1)-planes through points
of U meet X . Note that by Terracini’s Lemma if z0 ∈U and x∈ S then Tx;X ⊂ Tz0 ;X k .
If dim(S) = 0, then there are only 9nitely many k-secant (k − 1)-planes containing
points of U . Since dim(L)¿ 0, there must be a set of points y1; : : : ; yk diEerent from
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(but possibly not disjoint from) x1; : : : ; xk spanning a (k − 1)-plane containing U , and
hence equaling L. But this means that {x1; : : : ; xk} ( X ∩ x1 · · · xk , which is absurd
since a general k-secant to X cannot be (k + 1)-secant. (X ⊂ PN is non-degenerate
and codim(X )¿ k + 1.) We have therefore shown that dim(S)¿ 0.
On the other hand if dim(S) = 2, then X ⊂ Tz;X k , and consequently X k = Tz;X k ,
contradicting our assumption that X k is numerically degenerate. We conclude therefore
that dim(S) = 1.
Moreover, we may assume, again by replacing U with a smaller non-empty open
subset, that the set S has no isolated points. Indeed, if p∈ S were an isolated point,
let W ⊂ U be the (Zariski) closed subset of points z for which there is a k-secant
(k − 1)-plane other than x1 · · · xk through z containing p. If W =U replace U with
U −W . On the other hand, if W =U , then starting from z and x′1 · · · x′k−1p containing
z, as z moves in U; p remains 9xed. Since X is irreducible, by monodromy all of
the other x′i remain 9xed as well, and hence seck(X ) = 1. In conclusion through a
general set of k points x1; : : : ; xk we have found a curve C lying on the contact locus
of Tx1X · · ·TxkX along X . Consequently dim |H–2C| is at least the dimension of the set
of hyperplanes containing Tx1X · · ·TxkX , which is N − dim X k .
Theorem 3.2. If X = d(P2) ⊂ PN is the d-tuple embedding of P2 in PN where
N = 12(d
2 + 3d). Then X k is numerically degenerate if and only if (d; k) = (6; 9).
Proof. We have already seen that X 9 = 6(P2)9 ⊂ P27 is numerically degenerate; so
we only need to show that this is the only example. We 9rst dispense with the cases
where d¿ 8. This is the core part of the argument; inspired by [6]; and variations on
it suMce to handle most of the d6 8 cases as well.
Assume that d¿ 8; X = d(P2) and X k is numerically degenerate. By Lemma 2.11
and the fact that when d¿ 5; dim d(P2)k =3k−1 unless d(P2)k is linear (cf. Corol-
lary 2.6), it suMces to handle the cases where X k+1 =P(d+22 )− 1. Therefore, we may
assume that
k¿
1
3
(
d+ 2
2
)
− 1:
By Theorem 3.1 if X k is numerically degenerate, through k general points there can
be made to pass a curve C such that H − 2C is eEective, hence degC6d=2 and
therefore k6 12 ((d=2)+2)((d=2)+1)−1. Putting this together with the 9rst inequality
on k gives
1
3
(
d+ 2
2
)
− 16 k6 1
2
(
d
2
+ 2
)(
d
2
+ 1
)
− 1: (1)
This inequality reduces to
(d− 8)(d+ 2)6 0
which can only happen for d6 8.
We now dispense with the remaining cases. If d = 1; 2 it suMces to show that
sec1(X ) = 1 which is true by de9nition for any variety X .
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If d=3; 5, or 7 (again by Lemmas 2.11 and 2.6), the argument applied to the d¿ 8
case may be used here and inequality (1) may be sharpened to
1
3
(
d+ 2
2
)
− 16 1
2
(
d− 1
2
+ 2
)(
d− 1
2
+ 1
)
− 1
since when d is odd, the doubled curve can have degree at most (d−1)=2. This reduces
to
(d− 1)(d+ 1)6 0;
which does not hold for any d¿ 1.
If d = 4, let X = 4(P2). Since X 5 is dimensionally degenerate, it suMces to show
that X 4 is not numerically degenerate. To obtain a contradiction, assume that it were.
Since dim X 4 =11 then by Theorem 3.1 through 4 general points of P2 we can draw a
curve C such that dim |H − 2C|= 2. On the one hand, the curve C must have degree
¿ 2 since lines do not have suMcient freedom to pass through 4 general points. But
if C has degree ¿ 2 then |H − 2C| is either empty or of dimension 0, a contradiction.
If d=6, let X=6(P2). Since X 10=P28 and X 9 was already shown to be numerically
degenerate, it suMces to show that sec8(X )=1. Again, assume that this is not the case.
Then, through 8 general points of P2 passes a curve C whose image under 6 lies on
a general contact locus (along X ) of a tangent plane Tz;X 8 to X 8. We must have that
deg(C)¿ 3 because curves of lesser degree cannot be made to pass through 8 general
points. Since dim X 8 = 23, we have that dim |H − 2C|=3, again contradicting the fact
that degC¿ 3.
If d=8, let X=8(P2). Since X 15=P44 it suMces to show that X 14 is not numerically
degenerate. The d = 4; 6 arguments apply here almost verbatim as well. If X 14 were
numerically degenerate, then through 14 general points of P2 there can be made to pass
a curve C whose image under 8 lies on the contact locus of a general tangent plane
Tz;X 14 to X 8. Since dim X 14=41, we have that dim |H−2C|=2, but this cannot happen
for C, which must have degree ¿ 4 (in order to pass through 14 general points).
In addition, we can compute the number of 9 secant 8-planes to 6(P2) explicitly,
as the following theorem shows.
Theorem 3.3. sec9(6(P2)) = 2.
Proof. Let X =6(P2). If z ∈X 9 is a generic point; the scheme theoretic intersection of
Tz;X 9 and X is a double curve with reduced scheme an elliptic normal curve of degree
18. Indeed Tz;X 9 ∩X contains 2E; and can contain no more; by Bezout’s theorem. Now
if x1; : : : ; x9 ∈X are such that z ∈ x1 · · · x9; we have that Txi ⊂ Tz;X 9 for all i; and so
xi ∈E for all i as well. This shows that sec9(X ) = sec9(E).
To complete the proof, we observe that if E′ denotes the projection of E from a
general point of E9, then sec9(E) is the number of 9-secant 7-planes to E′ in P16.
Now Proposition VIII.4.2. of [3] can be brought to bear, where the example presented
thereafter shows that this number is the coeMcient of x9 in the Laurent expansion of
1 + x
1− x = 1 + 2
∞∑
i=1
xi:
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Remark 3.4. If we view PN =P(SdV ) as (up to non-zero scalars) the set of all degree
d homogeneous forms in 3 variables; and d(P2) as the subset of those forms that are
powers of linear forms; the results of this section can be stated as the answer to a
polynomial Waring problem as follows: “When k is such that a general degree d
homogeneous form in 3 variables is not representable as a sum of k dth powers; then
the general one which is so representable has a unique such representation; except
when (d; k) = (2; 2) or (4;5); where there are in9nitely many such representations; or
when (d; k) = (6; 9) where there are two”.
4. The numerical degeneracy of a;b(P1 × P1)k
Theorem 4.1. Let X = a;b(P1 ×P1) ⊂ Pab+a+b be the embedding of P1 ×P1 by the
complete linear system of curves of bidegree (a; b). Then X k is numerically degenerate
if and only if (a; b; k) = (4; 4; 8).
Proof. We have already seen that 4;4(P1 × P1)8 ⊂ P24 is numerically degenerate; so
we only need to show that this is the only example.
(only if) Suppose now that some higher secant variety of X is numerically degen-
erate. Let k be the largest k for which X k is numerically degenerate. By the ear-
lier result (2.11), if k ′¿k, we either have that X k
′
is dimensionally degenerate or
X k
′
= P(a+1)(b+1)−1.
Assume the latter is true, that X k+1 =P(a+1)(b+1)−1. Then we must have the equality
 13 (a+ 1)(b+ 1)= k + 1:
On the other hand, we know that through k general points of X there can be made to
pass a curve C such that the divisor class H − 2C is eEective, where H again denotes
the class of a hyperplane section. If the bidegree of C is (#; $), this means that
k6 (#+ 1)($ + 1)− 16
(a
2
+ 1
)(b
2
+ 1
)
− 1
and combining these two inequalities yields⌈
1
3
(a+ 1)(b+ 1)
⌉
− 16 k6
(a
2
+ 1
)(b
2
+ 1
)
; (2)
which implies (a− 2)(b− 2)6 12.
Suppose on the other hand that X k+1 is dimensionally degenerate. By Corollary 2.7,
one of a or b is equal to 2, and therefore (a− 2)(b− 2) = 06 12.
The inequality (a − 2)(b − 2)6 12 can only hold for 9nitely many a and b both
¿ 3. We concentrate 9rst on those cases where one of a and b is 6 2. By symmetry
it suMces to consider the cases where a= 1 or 2.
Case I: (a=1). In this case, X = 1; b(P1×P1) is the rational normal surface scroll
of type Sb;b; and we can invoke Theorem 5.1 (to be proven in the next section) where
it is shown that no higher secant variety of a rational normal scroll (of any dimension)
is numerically degenerate.
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Case II: (a = 2) By [1], X = 2; b(P1 × P1) ⊂ P3b+2; X b is dimensionally non-
degenerate, has dimension 3b−1, and is the last possible numerically degenerate higher
secant variety in the sequence X; X 2; X 3; : : : . If it is numerically degenerate as we
suppose, then through b general points there must pass a curve C such that H − 2C
is not only eEective, it must satisfy dim |H − 2C|¿ 2. For the latter to hold, we must
have that the bidegree (#; $) of C satis9es either #=0 alone or #=1 and $6 b=2− 1
simultaneously. In the former case dim |C|6 b=2. In the latter case, dim |C|6 b − 1.
In either case C cannot be made to pass through b general points of X , so numerical
degeneracy is impossible when a= 2.
Only 9nitely many pairs (a; b) need now be considered, namely those for which
a; b¿ 3 and (a−2)(b−2)6 12. Testing inequality 2 on all pairs 36 a; b;6 14 shows
that only (4,4), (4,6), (4,8), (6,4) and (8,4) are possibilities. By symmetry it suMces
to consider the cases (4,4), (6,4) and (8,4).
Case (a; b) = (4; 4): We already know that when X = 4;4(P1 × P1) ⊂ P24; X 8 is
numerically degenerate. We now show that X 7 is not numerically degenerate: Indeed
suppose that it were. Then through 7 general points of X we can pass a curve C
such that dim |H − 2C|¿ 3. But any such curve must have bidegree (#; $) satisfying
#; $6 2 with strict inequality in at least one case. But dim |C|¡ 7 for such a curve,
and so it cannot be made to pass through 7 general points of X .
Case (a; b) = (4; 6): Here X = 4;6(P1 × P1) ⊂ P34; X 11 has dimension 32 and is
the last non-linear higher secant variety. It suMces to show that X 11 is not numerically
degenerate. If it were, through 11 general points of X , we can 9nd a curve C such that
dim |H − 2C|¿ 1. For this to happen, the class (#; $) of C must satisfy (#; $)6 (2; 3)
with strict inequality in at least one coordinate. But then (#+1)($+1)−1¡ 11, again
a contradiction.
Case (a; b) = (4; 8): Here X = 4;8(P1 × P1) ⊂ P44; X 14 has dimension 41 and is
the last non-linear higher secant variety. It suMces to show that X 14 is not numerically
degenerate. If it were, through 14 general points of X we can 9nd a curve C such that
dim |H − 2C|¿ 2. For this to happen, the class (#; $) of C must satisfy (#; $)6 (2; 4)
with strict inequality in at least one coordinate. But then (# + 1)($ + 1) − 1¡ 14, a
contradiction.
In addition, in the one exceptional case (a; b; k) = (4; 4; 8) we can calculate in the
same way as in Theorem 3.3 then number sec8(4;4(P1 × P1)).
Theorem 4.2. sec8(4;4(P1 × P1)) = 2.
Proof. Same as 3.3.
Remark 4.3. The results of this section may also be interpreted as saying that “When
k is such that a general bihomogeneous form of bidegree (a; b) in SaV ×SbV (dim V =
2) is not representable as a sum of k dth powers; then the general one which is so
representable has a unique such representation; except when (a; b; k)=(2; 2d; 2d+1) or
(2d; 2; 2d+1); where there are in9nitely many such representations; or when (a; b; k)=
(4; 4; 8) where there are two”.
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5. The non-numerical degeneracy of higher secant varieties of rational normal scrolls
Theorem 5.1. The higher secant varieties of rational normal scrolls are never numer-
ically degenerate.
Proof. We use the description of rational normal scrolls as presented in [5]. Since
singular rational normal scrolls are cones; and all higher secant varieties of cones
have less than the expected dimension; we may assume that our rational normal scroll
X ⊂ PN is non-singular.
Throughout this section V denotes a vector space of dimension 2 and SkV denotes
the kth symmetric power of V space. We view
⊕∞
k=0 SkV as a polynomial ring in
2 variables, wherein V is the set of linear forms. Let d16d26 · · ·6dn denote the
degrees of the directrices for X . For positive integers k let
%k ⊂ P
(
n⊕
k=0
(SdiV )
∗
)
× P(SkV );
denote the incidence correspondence
{([&1; : : : ; &n]; [F])|FSdi−k ⊂ ker(&i)}
and let (k and  k denote the projection of %k onto the 9rst and second factor respec-
tively.
Under a suitable choice of coordinates the rational normal scroll of type d1; : : : ; dn is
the image of %1 under the map (1, and moreover under this same choice of coordinates,
X k equals the image of %k under the projection (k .
By the results of [5] we have that dim X k = k(n + 1) − 1 if and only if (k − 1)
6
∑n
i=1(di + k − 1) − 1 and k6min{di + 1}. Since numerical degeneracy is only
possibly when X k has the expected dimension, we assume that these inequalities hold.
Since X is ruled by Pn−1’s (the 9bers over each [L]∈P(V )), we have that X is the
closure of the union of all joins formed by k distinct elements of the ruling. In fact,
the correspondences above aEords the following convenient description of the resulting
ruling of X k by these joins: The (kn−1)-dimensional linear space spanned by k distinct
rulings (1( −11 (Fj)) where 16 j6 n equals the (kn− 1)-plane (k( −1k (F1 · · ·Fn)). In
this sense, the join multiplication of the rulings in PN correspond to the multiplication
of polynomials in S∗V .
Under our assumptions on k we have that (k( −1k ([F])) has dimension Pnk−1. So
in order to prove non-numerical degeneracy it suMces to show that for a general point
of q∈X k , there exists a unique [F]∈P(SkV ) such that (k −1k ([F]) containing q.
Suppose to the contrary that q = [
⊕n
i=1 &i] is a general point of X
k and that
q∈(k( −1k ([F])) ∩ (k( −1k ([G])) for non-zero F and G in SkV with [F] and [G]
distinct.
Then we have that for all 16 i6 n; FSdi−kV+GSdi−kV ⊂ ker &i. But the dimension
of this span is equal to di−deg(gcd(F;G))+1. If F and G have no non-trivial common
factor, then this span is all of SdiV , and &i is the zero form for all i, which is impossible.
On the other hand, assume that H = gcd(F;G) has degree greater than zero. In
this case, FSdi−kV + GSdi−kV has codimension g = deg(H) in SdiV . Since HSdi−gV
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also has codimension g, and contains the former, these are the same subspace, and
therefore HSdi−g ⊂ ker(&i) for all 16 i6 n. Consequently, q∈{
⊕n
i=1 &i} is a point
of X g. Since X g is a proper closed subset of X k (indeed, it has smaller dimension),
this contradicts the generality of q.
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